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Abstract: Integrated sensing and communication (ISAC) is regarded as a pivotal technology for 6G communication. In this paper, we employ 
Kullback-Leibler divergence (KLD) as the unified performance metric for ISAC systems and investigate constellation and beamforming design 
in the presence of clutters. In particular, the constellation design problem is solved via the successive convex approximation (SCA) technique, 
and the optimal beamforming in terms of sensing KLD is proven to be equivalent to maximizing the signal-to-interference-plus-noise ratio 
(SINR) of echo signals. Numerical results demonstrate the tradeoff between sensing and communication performance under different param⁃
eter setups. Additionally, the beampattern generated by the proposed algorithm achieves significant clutter suppression and higher SINR of 
echo signals compared with the conventional scheme.
Keywords: constellation design; clutter suppression; integrated sensing and communications; Kullback-Leibler divergence

Citation (Format 1): TIAN S T, WANG X Y, XIA F H, et al. Kullback-Leibler divergence based ISAC constellation and beamforming design in 
the presence of clutter [J]. ZTE Communications, 2024, 22(3): 4–12. DOI: 10.12142/ZTECOM.202403002
Citation (Format 2): S. T. Tian, X. Y. Wang, F. H. Xia, et al., “Kullback-Leibler divergence based ISAC constellation and beamforming design 
in the presence of clutter,” ZTE Communications, vol. 22, no. 3, pp. 4–12, Sept. 2024. doi: 10.12142/ZTECOM.202403002.

1 Introduction

Integrated sensing and communication (ISAC) technology 
is emerging as a pivotal component for 6G communica⁃
tions, significantly advancing the development of the In⁃
telligent Internet of Everything. By enabling simultaneous 

sensing and communication functionalities on the same spec⁃
trum and hardware platform, ISAC enhances both spectrum 
and energy efficiency. This technology not only optimizes re⁃
source utilization but also opens the door to new applications 
and services that demand high precision and low latency. As a 
dual-capability technology, ISAC stands as a cornerstone for 
future communication networks, meeting the growing need for 
more efficient and intelligent connectivity solutions in a world 
increasingly defined by the Internet of Everything[1]. Conse⁃
quently, ISAC has garnered considerable attention from re⁃
searchers in recent years.

As ISAC integrates both communication and sensing func⁃

tionalities, the tradeoff between communication and sensing 
performance is crucial in ISAC system design. Current re⁃
search regarding the tradeoff between communication and 
sensing performance focuses on their typical performance indi⁃
cators, e.g., capacity and bit error rates (BER) for communica⁃
tions, and detection probability and the Cramer-Rao bound 
(CRB) for sensing. For instance, in Ref. [2], the authors con⁃
sidered a Multi-Input Multi-Output (MIMO) ISAC scenario 
with imperfect knowledge of the channel state information 
(CSI). They designed robust beamforming using the communi⁃
cation signal-to-interference-plus-noise ratio (SINR) as a con⁃
straint, involving the simultaneous design of both digital and 
analog beamformers. In Ref. [3], the authors collaboratively 
designed transmitting hybrid beamformers and digital receiv⁃
ing beamformers for ISAC systems to meet SINR constraints 
for communication users. The simulation results demonstrated 
that the communication requirements were strictly satisfied. 
Similarly, in Ref. [4], the authors aimed to achieve optimal 
beamforming using communication quality-of-service (QoS) as 
a performance metric. Specifically, they considered the Eu⁃
clidean distance between the received noise-free signal and 
its closest decision boundary requirements. In addition, the 
authors in Ref. [5] employed intelligent reflecting surfaces 
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(IRS) to enhance an orthogonal frequency division multiplex⁃
ing (OFDM) based ISAC system, ensuring the communication 
rate of the desired user was maintained. The authors in Ref. 
[6] investigated the robust beamforming design under the sta⁃
tistical CSI, focusing on SINR requirements. They proposed a 
double-loop deep unfolding (DU) approach to address this 
challenge, and simulation results underscored the effective⁃
ness of their proposed robust beamforming design algorithm. 
From the sensing perspective, the authors in Ref. [7] proposed 
a robust beamforming scheme by adopting the CRB for angle 
estimation as the sensing performance metric, and the simula⁃
tion results demonstrated that the proposed scheme main⁃
tained robust direction of arrival (DoA) estimation perfor⁃
mance across various targets, indicating its effectiveness. As a 
step further, the authors in Ref. [8] explored the impact of re⁃
configurable intelligent surfaces (RIS) in mitigating multi-user 
interference (MUI) while satisfying CRB constraints. Their 
simulation results demonstrated superior estimation perfor⁃
mance compared with previous works based on SINR of echo 
signals. The authors in Ref. [9] focused on sidelobe control in 
sensing to enhance target detection performance. Addition⁃
ally, authors in Ref. [10] investigated the detection probability 
in radar sensing with binary detection, incorporating Minorize-
Maximize (MM) algorithms to achieve optimal sensing beam⁃
patterns across diverse scenarios.

It can be seen that the aforementioned existing work utilizes 
different metrics for sensing and communication to achieve 
the performance tradeoff in ISAC systems. In the absence of a 
unified metric for ISAC system design, the authors in Refs. 
[11] and [12] employed mutual information (MI) to evaluate 
the performance of communication and sensing. Simulation re⁃
sults showed MI could be used to assess the efficiency of trans⁃
mission and achieve the performance tradeoff in ISAC sys⁃
tems. From the perspective of detection, the authors in Refs. 
[13] and [14] respectively employed Kullback-Leibler (KL) di⁃
vergence to analyze ISAC systems, thereby formulating a uni⁃
fied design framework. Furthermore, the authors in Ref. [15] 
proposed a novel allocation approach to ISAC systems using 
KLD. Simulation results demonstrated that the proposed 
scheme achieved a higher KLD compared with the uniform 
power allocation scheme. These approaches provide a compre⁃
hensive method to balance and optimize both sensing and com⁃
munication functionalities within ISAC systems. However, all 
the above studies overlook the interference caused by clutter 
in the environment. This oversight misaligns with practical 
conditions, potentially degrading the sensing performance in 
realistic ISAC systems.

In this paper, we employ KLD as a unified performance met⁃
ric to design ISAC systems and construct a model that ac⁃
counts for the presence of static clutter for ISAC scenarios. In 
particular, we focus on constellation and beamforming design 
with the aim of investigating the performance tradeoff and 
achieving clutter suppression. A successive convex approxima⁃

tion (SCA) method is used for constellation design, and the 
fractional optimization technique is employed for beamform⁃
ing design. Simulation results reveal the tradeoff in terms of 
sensing, communication KLD, and the SINR of echo signals 
and BER in ISAC systems, validating that the proposed beam⁃
forming design can suppress the clutter and enhance sensing 
performance.
2 ISAC System Model with Clutter

We present the ISAC system model in the presence of static 
clutter and employ the KLD as a criterion to define a unified 
performance metric. This unified metric illustrates the rela⁃
tionship between KLD and demodulation error as well as de⁃
tection probability.
2.1 System Model and Signal Model

As depicted in Fig. 1, we consider an ISAC system compris⁃
ing one base station (BS), one single-antenna communication 
user, one sensing target, and static clutter. The ISAC BS is 
equipped with two uniform linear arrays (ULAs), each with M 
antennas. Besides serving the communication user, the BS 
also exploits the echoes of communication signals to detect the 
potential sensing target in a specific direction. Specifically, 
we denote the distance between the target and the BS as ds, while the distance from BS to user is dc.To enhance the real⁃
ism of the model, the Saleh-Valenzuela channel model is con⁃
sidered for communication, comprising one line-of-sight (LoS) 
path and p non-LoS (NLoS) paths, and the extended target 
model is considered for sensing. Compared with the sensing 
target, the radar cross section (RCS) of scatters in communica⁃
tion links and users is much smaller, which is thus ignored in 
this paper. The angles of departure (AoD) for the LoS path and 
the p-th NLoS path of the BS-user link are denoted as θc and 
θp, respectively, while the AoD for the j-th sensing path is de⁃
noted as θj. Besides, the clutter is located at a distance of du 

BS: base station     ISAC: integrated sensing and communication
▲Figure 1. An illustration of the considered ISAC system
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from the BS in the direction of θu. Since the clutter is typically 
static, its AoD and distance information are assumed to be 
known at the BS, and a point model is employed to depict it. 
Besides, the clutter is passive and far away from the communi⁃
cation user, and therefore its impact on communication perfor⁃
mance can be omitted.

With the ISAC waveform transmitted by the BS denoted as 
s = [ s1,…, sL ] ∈ C1 × L, where L denotes the number of snap⁃
shots, the discrete-time received signals yc ∈ C1 × L at the user 
can be expressed as

yc = ρ0d-2
c Pt (aH (θc ) + ∑

p = 1

P

αpa
H (θp ))ws + nc ≜

ρ0d-2
c Pt hcws + nc, (1)

where ρ0 denotes the path loss at the reference distance d0 =
1 m, a (θ ) = [1,ej2πδ sin (θ ) ,…,ej2π( M - 1) δ sin (θ ) ]T ∈ CM × 1 is the 
transmit antenna steering vector with δ denoting the normal⁃
ized antenna spacing, αp denotes the small-scale fading of the 
p-th NLoS path, w ∈ CM × 1 denotes the normalized beamform⁃
ing vector with wHw = 1, and nc~CN (0,σ2 c IL ) denotes the ad⁃
ditive white Gaussian noise (AWGN) vector at the communica⁃
tion user.

As for sensing, the received sensing echo signals 
Yr ∈ CM × L at the BS can be expressed as:
Yr =

                 
ρ0d-4

t Pt ∑
j = 1

J

b∗( )θj a
H( )θj ws

target component

+

                ρ0d-4
u Pt b

∗( )θu aH( )θu ws
clutter component

+ N r
noise , (2)

where b (θ ) ≜ a (θ ) denotes the receiving antenna steering vec⁃
tor, and N r = [nr,1,…,nr,L ]

T ∈ CM × L denotes the AWGN at the 
BS with nr,l~CN (0,σ2 rIM ),∀1 ≤ l ≤ L. The detection of the po⁃
tential target at the l-th frame can be cast as the binary hypoth⁃
esis testing as follows:
y r =
ì

í

î

ï
ïï
ï

ï
ïï
ï

ρ0d-4
u Pt b

∗( )θu aH( )θu ws + nr                                                               H0

ρ0d-4
t Pt ∑

j = 1

J

b∗( )θj a
H( )θj ws + ρ0d-4

u Pt b
∗( )θu aH( )θu ws + nr  H1.

(3)
As evident from Eqs. (2) and (3), the existence of clutter 

can significantly affect the detection, indicating the necessity 
of clutter suppression.
2.2 KLD-Based Unified Performance Metric

For a pair of probability density functions (PDFs), KLD is 
defined as the relative entropy from one PDF fn ( x ) to another 

PDF fm ( x ) to measure the information gain achieved by em⁃
ploying the distribution fm instead of fn

[13], hence, the KLD can 
be defined as:

KLDn → m = ∫-∞
∞

fm ( x ) log2
fm ( x )
fn ( x ) dx. (4)

To compare the differences among multiple PDFs, one can 
consider the KLD between each pair of PDFs and take either 
the average or the minimum of all the comparison results. In 
communication systems, the KLD can be employed to assess 
the demodulation performance, as the error performance is sig⁃
nificantly influenced by the pair of closest symbols. Specifi⁃
cally, for each pair of different data symbols { sm,sn }(m ≠ n )in 
a Q-ary signal constellation, the KLD in communication de⁃
modulation can be represented as:

KLDc = min
n ≠ m ∫-∞

∞
fm ( x ) log2

fm ( x )
fn ( x ) dx. (5)

From the perspective of sensing systems, the KLD can be 
utilized to evaluate the difference between H0 and H1, as 
Stein’s Lemmas state that for any fixed false alarm probabil⁃
ity, the maximization of the KLD between H0 and H1 leads to 
an asymptotic maximization of detection probability[16], and 
hence, the KLD in sensing detection can be expressed as

KLDr = KLD(H0||H1 ). (6)

2.2.1 KLD for Communication
For communications, based on Eq. (1), the PDF of the re⁃

ceived symbol yc is given as

fm ( x ) ≜ f ( yc| { sm,w }) = exp (-( )yc - μm

T
Σ-1 (yc - μm ) )

(2π)2|Σc|
,

(7)
where yc ≜ [ yc,R,yc,I ]

T with yc,R and yc,I denoting the real and 
imaginary components of yc, μm ≜ [ μc,R, μc,I ]

T with μc,R =
ρ0d-2

c Pt Re { hcwsm } and μc,I = ρ0d-2
c Pt Im { hcwsm }, and 

Σc = σ2
c I2.Substituting Eq. (7) into Eqs. (1) and (5), the KLD in com⁃

munication can be expressed as
KLDc =
min
m ≠ n

1
2ln2 ( )tr (Σ -1

c Σc ) - 2 + ( )μm - μn
H
Σ -1

c ( μm - μn ) + ln |Σc||Σc| =

min
m ≠ n

1
2σ2

c ln2 ( )μm - μn
H ( μm - μn ). (8)

It can be readily seen that an ISAC system with a larger 
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KLDc value exhibits superior demodulation performance as 
corresponding transmit symbols mixed with noise can be more 
easily distinguished by the receiver.
2.2.2 KLD for Sensing

Based on Eq. (3), the PDFs of yr under H0 and H1 are ex⁃
pressed as:

f0(yr ) = 1
πM|Σu| exp ( )-yH

r Σ
-1
u yr ,

f1(yr ) = 1
πM|Σu + Σ s| exp ( )-yH

r (Σu + Σ s )-1yr , (9)

where Σ s = ρ0d-4
t PtE{| s |2}AsWA

H
s , E{| s |2} = ∑

m = 1

Q

Pr ( sm )|sm|2,
As = ∑

j = 1

J

b∗(θj ) aH( )θj , W = wwH and Σu =
ρ0d-4

t PtE{| s |2}AuWA
H
u + σ2

r IM, Au = b∗(θu ) aH(θu ).
By substituting Eq. (9) into Eqs. (1) and (6), the KLD for tar⁃

get detection can be derived as
KLDr = ln |

|
|||| IM + Σ - 12

u Σ sΣ
- 12
u

|
|
|||| +

tr (( IM + Σ - 12
u Σ sΣ

- 12
u )-1 - IM ). (10)

The waveform design for detection can be addressed by 
maximizing KLDr in Eq. (10) in order to obtain the optimal de⁃
tection probability performance in terms of Stein’s Lemmas[16].
3 ISAC Constellation Design Under KLD 

Performance Metric
We investigate the methodology of constellation design un⁃

der the KLD metrics in Eqs. (8) and (10) to achieve a tradeoff 
between sensing and communication performance in this sec⁃
tion. Additionally, the maximum instantaneous transmit 
power constraint is considered to ensure the transmit power 
remains within the linear dynamic range of the amplifier.

The constellation design can be formulated as a max-min 
optimization problem with power constraints, which can be 
solved by the SCA algorithm. It’s worth noting that the optimi⁃
zation of constellation reveals the inherent trade-off between 
sensing and communication performance.
3.1 Constellation Design Under Single-Antenna Setup

Based on the expressions in Eqs. (8) and (10), it is evident 
that the KLD performance metric is influenced by both the 
constellation set and the beamforming vector. In practice, the 
constellation set is fixed and shared between the transmitter 
and the receiver to minimize signaling overhead. Therefore, 
constellation design can be analyzed in a single-antenna 
setup, allowing for a separation of the constellation design 
from the beamforming design.

First, based on the KLD performance metrics in Eqs. (8) 
and (10), while ensuring the amplitude of the transmit symbol 
remains within the linear dynamic range of the amplifier, the 
ISAC constellation design problem can be formulated as

max{ sm } KLDc

s.t.  KLDr ≥  KLDr,thresh.      |sm|2 ≤ 1, m = 1,2,…,Q, (11)
where KLDr,thresh. denotes the lower boundary of KLDr in order 
to ensure the sensing performance.

To decouple the constellation design from the beamform⁃
ing design, we consider a single-antenna scenario setup 
while substituting the expressions of the intermediate vari⁃
ables, and the KLD for communication in Eq. (8) can be sim⁃
plified as follows.

KLDc = min
m ≠ n

1
2σ2

c ln2 ( μm - μn ) H ( μm - μn ) =
ρ0d-2

c Pt

2σ2
c ln2 min

m ≠ n
|sm - sn|2 . (12)

We can see from Eq. (12) that the minimum distance 
among the inner points in the constellation determines the 
communication demodulation performance. This result 
makes sense as the minimum distance dictates the noise mar⁃
gin of the constellation.

Similarly, for a single-antenna scenario setup, the KLD for 
radar sensing in Eq. (10) can be simplified as[17]:

KLDr = ln (1 + ζ
σ2

r ) + σ2
r

ζ + σ2
r

- 1, (13)
where ζ = E{| sm |2} ρ0d-4

t Pt denotes the power of echo sig⁃
nals. It can be readily seen from Eq. (12) that the KLD for 
sensing is positively related to E{| sm |2} as f '( x ) = 1/ (1 +
x ) - 1/ (1 + x ) 2 is always greater than 0 when x > 0 and KLDr 
can be reformulated as f (E{| sm |2} ρ0d-4

t Pt /σ2
r ), indicating 

the average power of inner points in the constellation deter⁃
mines the sensing performance.

Based on Eqs. (12) and (13), Problem (11) can be reformu⁃
lated as

max
{ }sm

min
m ≠ n

|| sm - sn

2

s.t.  r2 ≤  | sm|2 ≤ 1, m = 1,2,…,Q , (14)
where r constraints the average power of the constellation to 
ensure the difference between the echo signals and noise in 
the detection. The setting of r is intended to ensure the lower 
bound of the sensing performance of the ISAC system.
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Problem (14) is non-convex and to address this, we utilize 
the SCA technique in the following discussion[18].
3.2 Constellation Design with SCA

For ease of description and intuitive understanding, Prob⁃
lem (14) can be reformulated as

max
S

t

s.t.    r2 ≤  | sm|2 ≤ 1,m = 1,2,…,Q,
|| sm - sn

2 ≥ t2, m, n = 1,2,…,Q ; m ≠ n , (15)
where S = [ s1,…,sQ ] ∈ RQ × 2 with s i = [Re ( si ), Im ( si ) ] T de⁃
notes the point location in the constellation.

By introducing superscripts ( l ) to represent the value of 
variables at the l-th iteration and applying a first-order Taylor 
expansion to the constraints at S( l ), Problem (15) can be ap⁃
proximated as

max
△S( l )

t( l )

s.t.   s ( l )
m

T s ( l )
m + 2s ( l )

m
T△s ( l )

m + △s ( l )
m

T△s ( l )
m ≤ 1, m = 1,2,…,Q

s ( l )
m

T s ( l )
m + 2s ( l )

m
T△s ( l )

m ≥ r2, m = 1,2,…,Q
s ( l )

m
T s ( l )

m + s ( l )
n

T s ( l )
n - 2s ( l )

m
T s ( l )

n +
2 ( )s ( l )

m
T - s ( l )

n
T ( )△s ( l )

m - △s ( l )
n ≥ t( l ) , 

m, n = 1,2,…,Q ;  m ≠ n
t( l ) ≥ t( l - 1)  , (16)

where the second and third constraints are first-order Taylor 
approximations of the original expressions and the fourth is 
employed to ensure the minimum distance among inner points 
can continually increase with each iteration. By utilizing the 
optimal solution △S ( l )opt to update the original term with S( l + 1) =
S( l ) + △S ( l )opt and repeatedly solving Problem (16) until it con⁃
verges, we can eventually obtain S*.

The complexity of the constellation design mainly comes 
from the application of interior within each iteration, which is 
O ( I × ln (1/ε )Q3 ), where I denotes the number of iterations, Q 
denotes the order of constellation and ε denotes the duality 
gap of the interior point method[19]. It can be seen that the com⁃
plexity of this algorithm primarily increases cubically with the 
dimension of variables.

As for the convergence of this algorithm, within each itera⁃
tion, we have
s( l )

m
T s( l )

m + s( l )
n

T s( l )
n - 2s( l )

m
T s( l )

n + 2 ( s( l )
m

T - s( l )
n

T ) (△s( l )
m -

△s( l )
n ) ≥ t( l ) ≥ t( l - 1) , m, n = 1,2,…,Q ;  m ≠ n. (17)

The right side of Problem (17) shows that the value of ob⁃
jective function monotonically increases during the SCA pro⁃
cess. Based on the first constraint in Problems (16) and (17), 
we have

t( l ) ≤ s( l )
m

T s( l )
m + s( l )

n
T s( l )

n - 2s( l )
m

T s( l )
n + 2 ( )s( l )

m
T - s( l )

n
T ( )△s( l )

m - △s( l )
n =

( s( l )
m

T s( l )
m + 2s( l )

m
T△s( l )

m ) + ( s( l )
n

T s( l )
n + 2s( l )

n
T△s( l )

n ) -
2( s( l )

m
T s( l )

n + s( l )
m

T△s( l )
n + s( l )

n
T△s( l )

m ) <
2 - 2( s( l )

m
T s( l )

n + s( l )
m

T△s( l )
n + s( l )

n
T△s( l )

m ) <
2 + 2( || s( l )

m || s( l )
n + || s( l )

m ||△s( l )
n + || s( l )

n ||△s( l )
m ) = bu . (18)

Note that the value of bu is limited; hence, the alternating 
optimization is guaranteed to converge.

By setting different values of r, we can obtain the corre⁃
sponding constellation to achieve various tradeoffs between 
sensing and communication performance as a larger r repre⁃
sents a higher average power for better detection, which also 
results in a smaller inner-constellation distance and poorer 
communication performance.
4 Sensing Clutter Suppression Design Based 

on KLD
In this section, we study the beamforming design in the 

presence of clutter as depicted in Fig. 1 with a fixed constella⁃
tion set designed in Section 3. The aim of beamforming fo⁃
cuses more on clutter suppression, as the tradeoff between 
sensing and communication performance is adjusted by set⁃
ting different values of r in the constellation design. We will 
show that the maximization of KLD in terms of sensing in the 
presence of clutter is eventually equivalent to maximizing the 
SINR of echo signals.

With the fixed constellation mapping designed in the previ⁃
ous section, the BS can achieve various tradeoffs between 
sensing and communication performance by setting different 
inner radii r in Problem (14). However, as indicated by Eq. 
(2), the influence of clutter still exists. To address this issue, 
we explore optimal beamforming to mitigate the impact of clut⁃
ter based on Eq. (10) shown as follows.

In the presence of clutter, the KLD for sensing in Eq. (10) 
can be further derived as:

KLDr = ln | (Σu + Σ s ) Σ -1
s | + tr éë(Σu + Σ s )-1

Σ s
ù
û =

ln | IM + βsAsWA
H
s ( βuAuWA

H
u + IM )-1 | +

tr éë( IM + βuAuWA
H
u )-1

βsAsWA
H
s + IM

ù
û

-1, (19)

where βs = ρ0d-4
s PtE{ }|| sm

2

σ2
r

 and βu = ρ0d-4
u PtE{ }|| sm

2

σ2
r

.
In the following, we employ the KLD for sensing in the pres⁃

ence of clutter in Eq. (10) to explore the optimal beampattern 
to achieve clutter suppression. To further simplify KLDr, we 
apply the Woodbury identity as follows[20].

(A + UCV )-1 = A-1 - A-1U (C-1 + VA-1U )-1VA-1, (20)
where A ∈ CM × M,U ∈ CM × K,C ∈ CK × K and V ∈ CK × M. By re⁃
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placing matrices A and C with identity matrices, we can obtain
( I + UV )-1 = I - U ( I + VU )-1V. (21)
Then, let U = ( βuAuWA

H
s + IM )-1

Asw and V = βsw
HAH

s , we 
can obtain:

KLDr = ln (1 + βsw
HAH

s ( βuAuww
HAH

u + IM )-1
Asw) +

1
1 + βsw

HAH
s ( )βuAuww

HAH
u + IM

-1
Asw

.
(22)

Again, note that f ( x ) = ln (1 + x ) + 1/ (1 + x ) is monotoni⁃
cally increasing with the increase of x; hence, the maximiza⁃
tion of KLDr can be formulated as:

max
w

  βsw
HAH

s ( βuAuww
HAH

u + IM )-1
Asw

s.t.    wHw = 1. (23)
It can be seen that the objective function of Problem (23) 

can be further transformed as follows.
βsw

HAH
s ( )βuAuww

HAH
u + IM

-1
Asw =

βsw
HAH

s Asw  tr éë ù
û( )βuAuww

HAH
u + IM

-1 =
βsw

HAH
s Asw 

1 + βuw
HAH

u Auw
   . (24)

Based on the above results, Problem (23) can be reformu⁃
lated as follows.

max
w

  βsw
HAH

s Asw 
1 + βuw

HAH
u Auw

s.t.    wHw = 1. (25)
It can be observed that the KLD maximizing problem is even⁃

tually transformed to maximizing the SINR of echo signals, 
thereby achieving clutter suppression. To obtain the optimal 
beamforming vector of Problem (25), we first apply the con⁃
straint to transform the objective function of Problem (25) into

βsw
HAH

s Asw 
1 + βuw

HAH
u Auw

= βsw
HAH

s Asw 
βuw

H ( 1
βu

I + AH
u Au )w

.
(26)

Since 1
βu

I + AH
u Au is a positive semi-definite matrix, we 

consider its lower triangular Cholesky decomposition, i. e., 
CCH = 1

βu
I + AH

u Au. Let w = (CH )-1
y, and we can obtain:

βsw
HAH

s Asw 
βuw

H ( 1
βu

I + AH
u Au )w

= βsy
HC-1AH

s As( )CH -1
y 

βuy
Hy

.
(27)

According to the Rayleigh quotient[21], Problem (25) has a 
closed-form solution as shown below.

w* = ( )CH -1
umax



 


( )CH -1

umax
,

(28)
where umax denotes the eigenvector of C-1AH

s As(CH )-1 corre⁃
sponding to the largest eigenvalue λmax. By utilizing the opti⁃
mal transmit beamforming vector in Eq. (25), the BS can effec⁃
tively suppress clutter by maximizing the SINR of the echo sig⁃
nals, as demonstrated in Problem (25), which leads to en⁃
hanced sensing performance in the ISAC system.
5 Numerical Results

In this section, we provide numerical results to demon⁃
strate the performance of the constellation and beamforming 
design methodology. The number of antennas is set as 
M = 16 and the inner-element spacing is λ/2 with λ denoting 
the wavelength of the transmit signal. The transmit power of 
BS is set as 30 dBm and the path loss at the reference dis⁃
tance of 1 m is set as −30 dBm. In addition, the DoAs of the 
target, user and static clutter are θs = 30∘, θc = 18∘ and θu =
45∘, respectively. Besides, the BS-target, the BS-user and the 
BS-clutter distances are set as ds = 600 m, dc = 800 m and 
du = 750 m. The noise power at the BS and the user is set as 
−110 dBm and −70 dBm, respectively. The number of NLoS 
links is set as 4 while the number of scattering points on the 
extended target is set as 10.

The convergence behavior of the SCA algorithm for constel⁃
lation design is shown in Fig. 2, illustrating the minimum 
inter-point distance t versus the iteration number for Q = 16 
and r = 0.4. It is shown that the minimum inter-point distance 
stabilizes by the fourth iteration, indicating that the algorithm 
has converged. This demonstrates the good convergence of 

▲Figure 2. Minimum inter-point distance versus iteration number
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this SCA algorithm for constella⁃
tion design algorithm.

Next, in Fig. 3, we provide 
the optimized constellation set 
with various inner ring radii r 
and the modulation order of Q =
16. A larger r results in a 
smaller minimum inter-point 
distance within the constella⁃
tion. This results in more con⁃
stellation points clustering at 
the edge of the unit circle, lead⁃
ing to a gradual transition of the 
constellation mapping from ir⁃
regular to regular. This demon⁃
strates tuning r can generate dif⁃
ferent constellations and the 
corresponding result can 
achieve different tradeoffs be⁃
tween sensing and communica⁃
tion performance.

To further investigate the per⁃
formance tradeoff, we illustrate 
the Pareto bound between sens⁃
ing and communication from the 
perspective of KLD in Fig. 4. 
The constellations designed in 
Fig. 3 are taken into consideration. It can be seen that KLDr strictly and monotonically decreases with the increase of 
KLDc, indicating an inherent tradeoff in the ISAC system. 
With higher inner ring radii r, more constellation points clus⁃
ter at the edge of the unit circle, shifting the tradeoff state 
from right bottom to left top in Fig. 4 and vice versa. There⁃
fore, we can achieve the desired performance tradeoff to meet 
various needs by selecting corresponding constellations.

As a step further, we evaluate the performance of the trans⁃
mit beampattern generated by the proposed design methodol⁃
ogy compared with the beampattern generated by the Maxi⁃
mum Ratio Transmission (MRT) algorithm and the methods 
proposed in Ref. [14], as shown in Fig. 5. The beampattern 
generated by the MRT algorithm exhibits significant power 
gain in the direction of targets while the beampattern from 
Ref. [14] has high gain in both the direction of the user and 
the target as the ISAC system design in Ref. [14] considers the 
tradeoff between sensing and communication through beam⁃
forming. However, the influence of static clutter is overlooked 
in these schemes. In contrast, the transmitted waveform gener⁃
ated by our proposed algorithm is predominantly focused in 
the desired direction, while a deep fading occurs in the clutter 
direction. This indicates that the proposed scheme effectively 
achieves clutter suppression, thereby enhancing overall sens⁃
ing performance.

In Fig. 6, we further evaluate the performance of the pro⁃

posed design by comparing the SINR of echo signals with 
other algorithms. The optimized ISAC constellation under vari⁃
ous r is employed in this example. As it can be seen, the pro⁃
posed algorithm achieves 0.7 dB gain over the MRT algorithm 
and 3 dB gain over the method in Ref. [14], indicating the pro⁃
posed algorithm can successfully achieve clutter suppression 
better. The method in Ref. [14] allocates more power to the 
user direction but less power to the target direction to balance 

▲Figure 3. Constellation under different inner ring radii r

KLD: Kullback-Leibler divergence
▲Figure 4. Tradeoff between sensing and communication
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sensing and communication as depicted in Fig. 5. Conse⁃
quently, the SINR is the lowest in comparison. Besides, re⁃
gardless of the algorithm employed, the SINR is monotonically 
increasing with the increase of r. This is attributed to the 
greater clustering of constellation points along the edge of the 
unit circle, resulting in an overall increase in the average 
power of the corresponding constellation.

With the transmit beampattern generated by the proposed 
design methodology, we further evaluate the BER performance 
of various constellation mappings under different r. As illus⁃
trated in Fig. 7, a better demodulation performance is 
achieved by a smaller r as constellation points with lower 
power are more likely to be distributed within the unit circle, 
resulting in a larger inter-point distance. Considering Figs. 5 
and 6, the tradeoff between communication and sensing perfor⁃

mance in the ISAC system stems from the balance between 
randomness and determinism, while the value of r is required 
to be set according to realistic requirements.
6 Conclusions

In this paper, we investigated a comprehensive design meth⁃
odology for constellation and beamforming in ISAC systems, 
particularly in environments with static clutter. We utilized 
the KLD as a critical metric in our analysis. Initially, we intro⁃
duced a unified ISAC performance metric based on KLD and 
used this metric to guide the ISAC constellation design 
through the SCA technique. Following this, we demonstrated 
that the optimal beamforming design, guided by KLD, is math⁃
ematically equivalent to maximizing the SINR of echo signals. 
We derived a closed-form solution from this beamforming 
strategy. Simulation results validated the effectiveness of our 
proposed constellation design methodology and clutter sup⁃
pression technology, clearly illustrating the inherent perfor⁃
mance tradeoffs in ISAC systems. In future work, we will con⁃
sider more complex real-world scenarios, including more intri⁃
cate clutter distributions and the influence of strong scatters 
in communication links. The deeper performance tradeoff in 
ISAC systems will be investigated in our future work.
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